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ABSTRACT 

I n  t h i s  pape r ,  t h e  problem of H-plane b i f u r c a t i o n  i n  a p a r a l l e l  p l a t e  

waveguide f i l l e d  w i t h  homogenous, a n t i s o t r o p i c ,  t empera t e  plasma is c o n s i d e r e d ,  

The s t a t i c  magnet ic  f i e l d  i s  assumed t o  be  a long  t h e  edge of t h e  septum. By 

u s i n g  t h e  Wiener-Hopf t e c h n i q u e ,  t h e  complete f i e l d  s o l u t i o n s  a r e  o b t a i n e d  for  

bo th  s e m i - i n f i n i t e  and f i n i t e  b i f u r c a t i o n s .  



1. INTRODUCTION 

I 

The c l a s s i c a l  problem of an i n f i n i t e  b i f u r c a t i o n  i n  a p a r a l l e l  p l a t e  

waveguide f i l l e d  w i t h  an i s o t r o p i c  medium has  been c o n s i d e r e d  by many a u t h o r s ,  

Marcuv i t z l  so lved  t h e  problem by us ing  t h e  Wiener-Hopf t e c h n i q u e ,  Hurd and 
3 

Gruenberg2 by t h e  (mode matching)  f u n c t i o n - t h e o r e t i c  approach ,  and M i t t r a  

by i n v e r t i n g  t h e  i n f i n i t e  ma t r ix .  Later,  Mittra4 a l s o  ex tended  h i s  method 

t o  t h e  c a s e  of a f i n i t e  b i f u r c a t i o n .  

I n  t h i s  paper  t h e  same problem i s  cons ide red  excep t  f o r  t h e  medium which 

i s  assumed t o  be an a n i s o t r o p i c  plasma. T o  make t h i s  problem ma themat i ca l ly  

t r a c t a b l e ,  t h e  p lasma under  c o n s i d e r a t i o n  i s  assumed t o  have t h e  commonly 

accep ted  model w i th  t h e  f o l l o w i n g  p r o p e r t i e s :  (1) t h e  plasma is  an e l e c t r o n  

gas  w i t h  s t a t i o n a r y  ions  which provide  a n e u t r a l i z i n g  background;  (2) t h e  

plasma i s  c o l d ,  homogeneous and wi thout  i n t e r a c t i o n  between p a r t i c l e s ,  (3) a l l  

n o n l i n e a r  e f f e c t s  a r e  n e g l i g i b l e .  The purpose  of t h e  p r e s e n t  paper  i s  t o  con- 

s i d e r  t h e  problems of b o t h  i n f i n i t e  and f i n i t e  b i f u r c a t i o n s  i n  a p a r a l l e l  

p l a t e  waveguide f i l l e d  w i t h  a plasma having p r o p e r t i e s  d e s c r i b e d  above, and 

t o  p r e s e n t  s o l u t i o n s  based  on the Wiener-Hopf t echn ique .  

The s o l u t i o n  w i l l  be r e s t r i c t e d  t o  t h e  c a s e  when t h e  dc  magnet ic  f i e l d  

i s  o r i e n t e d  p a r a l l e l  t o  t h e  edge of t h e  septum. 
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2. FORMULATION OF PROBLEM 

The geometry of t h e  problem t o  be  cons ide red  is shown i n  F i g u r e  1, which 

shows a p a r a l l e l  p l a t e  waveguide of spac ing  a c o n t a i n i n g  an i n f i n i t e l y  t h i n  

and p e r f e c t l y  conduc t ing  septum ex tend ing  from z = 0 t o  z = 1 and l o c a t e d  i n  

t h e  p l a n e  x = b. Le t  t h e  medium i n  t h e  gu ide  be  a plasma and l e t  t h e  dc  

magnet ic  f i e l d  be  o r i e n t e d  a long  y - d i r e c t i o n .  Then it  is  c h a r a c t e r i z e d  by  t h e  

r e l a t  i v e  d i e l e c t r i c  t e n s o r  

where 
2 2 -1 2 -1 

El = 1 - (wp/w) [ l  - (wc/w) 3 , E2 = (op/o) [w/oc - oc/o] 

2 2 2 
= 1 - (oP/o) , oC = - a B /m,  wp = N e  /meo, €3  0 

e = charge  of an  e l e c t r o n ,  m = mass of an e l e c t r o n ,  

N = average number d e n s i t y  of e l e c t r o n s .  

- i w t  The t i m e  dependance e i s  suppres sed  throughout  t h i s  paper .  Assume t h a t  

t h e r e  i s  no v a r i a t i o n  a long  y-axis .  Then from t h e  Maxwell e q u a t i o n s ,  

i t  i s  r e a d i l y  shown t h a t  t h e  wave e q u a t i o n  f o r  E and H are uncoupled because  

t h e  wave number i n  t h e  d i r e c t i o n  a long  €3 is  z e r o ,  Consequent ly ,  w e  can  con- 

s i d e r  s e p a r a t e l y  t h e  s o l u t i o n  w i t h  H = 0 and E = 0. 

Y Y *  

-0 

Y Y 
For t h e  case  H = 0, t h e  nonvanish ing  f i e l d  components are E H and 

H Z ;  hence,  t h e  f i e l d  i s  t r a n s v e r s e - e l e c t r i c  w i t h  r e s p e c t  t o  z ,  or TE mode. 

The wave equa t ion  for  E i s  g iven  by 

Y Y Y  x 

Y 
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is  t h e  f r e e  space wave number. The boundary c o n d i t i o n  on = w po E ,  

Y 

2 
where k 

t h e  conduct ing  p l a t e s  i s  t h e  u s u a l  one ,  namely E = 0. I t  i s  c lear  t h a t  t h e  

problem becomes i d e n t i c a l  t o  t h e  one an  which t h e  gu ide  i s  f i l l e d  w i t h  an 

i s o t r o p i c  medium having  a r e l a t i v e  d i e l e c t r i c  c o n s t a n t  E T h i s  i s  t o  be ex- 

pec ted  s i n c e  i n  t h i s  case t h e  e l e c t r o n  motion due t o  r f  f i e l d  i s  p a r a l l e l  t o  

B - consequen t ly ,  t h e  a n i s t r o p i c  a f f e c t s  are no t  i n t r o d u c e d ,  
-0 ' 

0 

3' 

W e  s h a l l ,  t h e r e f o r e ,  c o n c e n t r a t e  on t h e  a l t e r n a t i v e  c a s e ,  t h a t  of E = 0 ,  
Y 

f o r  which t h e  nonvanish ing  f i e l d  components are E E and H Thus,  t h e  

f i e l d s  are t r ansve r se -magne t i c  w i t h  r e s p e c t  t o  z ,  i , e .  , TM. The wave e q u a t i o n  

f o r  H which may be d e r i v e d  s t r a i g h t f o r w a r d l y ,  r e a d s  

x '  z Y' 

Y '  

+ -  a2 + k2] H (x , z )  = 0 
2 Y 

I t  i s  c l e a r  t h a t  t h e  TM-mode can  propa- 2 2 2 - E2 . €1 
where k = k €/e1 and E = 

g a t e  o n l y  when k i s  p o s i t i v e  and real .  I n  o t h e r  words,  t h e  passbands are g iven  2 
0 

by 

2 2 2 1/2 lower band (2-4) 1 
2 

/ 4 F 2  < w < (w + oc - OC/2 + (w 
4- wc P P 

2 2 + w wC/2 + (w /4I1I2 < w < 00 upper  band 
P C 

(2-5) 

W e  s h a l l  l i m i t  our  f o l l o w i n g  d i s c u s s i o n  t o  above f requency  r anges .  The e l ec t r i c  

f i e l d  components of t h e  TM-mode are g i v e n  by 

a E (x , z )  = 
Z 

(2-7) 

where h 

t h e  dominant TM-mode p ropaga te s  i n  t h e  l a r g e  g u i d e  A (expept  f o r  t h e  d e g e n e r a t e  

TEM-mode), and t h e  i n c i d e n t  wave i s  

= - E ~ / ~ E , E  and h2 = icl/wE0E. Now f o r  s i m p l i c i t y  assume t h a t  o n l y  1 

-Y1 a' E Z  i = S i n  - 71 x e 
a 

(2-8) 
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- k2]1’2 under  t h e  assumption i s  a n e g a t i v e  imaginary 2 where y - [ ( n . / a )  
l a  - 

number. L e t  t h e  F o u r i e r  t r ans fo rm of H be 
Y 

where a = 0 i i T  Then t h e  F o u r i e r  t ransform of Equat ion  (2-3) w i t h  r e s p e c t  

t o  z becomes 

(2-10) 

2 2 1/2 
where y = (a - k 1 . We s h a l l  c o n s i d e r  t h e  branch of y such  t h a t  y---+,o 
as a e + ( o o .  I t  i s  c l ea r  t h a t  t he  above e q u a t i o n  i s  d e f i n e d  on ly  i n  t h e  s t r i p  

2 
For a n a l y t i c a l  convenience,  l e t  u s  suppose t h a t  k = k t ik 1 1.1 < R e  Yla. 

where k and k are p o s i t i v e  real  numbers The i n t r o d u c t i o n  of a f i n i t e  i m a -  

g i n a r y  p a r t  i n  k may be i n t e r p r e t e d  i n  t e r m s  of f i n i t e  l o s s e s  i n  t h e  medium and 
1 2 

e v e n t u a l l y  k may be set equa l  t o  zero ,  I t  can  be  shown t h a t  y a l w a y s  has  a 
2 

p o s i t i v e  rea l  p a r t  when a l i e s  i n  t h e  s t r i p  I T  I < k 

Equa t ion  (2-10) h o l d s  i n  t h e  s t r i p  I T  I : k2,  and i t s  s o l u t i o n  is 

Let  R e  Yla > k 2 j  hence ,  
2 ’  

Applying t h e  c o n d i t i o n s  : 

(1) E ( x , z )  L 0 a t  x = 0 ,  a f o r  a11 z ,  

(2 )  E (x  I b 0 , z )  = E ix  = b-0,  z )  f o r  a l l  z ,  
z 

z z. 
w e  have a f t e r  some man ipu la t ions ,  

A1(a) [cosh  ytx-a)  4 ( i h l a  h y) s i n h  y / (x-a) ]  

-A1 (a) [ s i n h  W,‘sinh VI] [cosh YX t ( i h  a.’h y) s i n h  Vx] , 

x > b  2 

(2-11) 

x < b 1 2  

@(x,a)  = 
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which g i v e s  t h e  F o u r i e r  t r a n s f o r m  of H ( x , z ) .  Let  Q(x,a) be t h e  F o u r i e r  t r a n s -  

form of E ( x , z ) .  Then u s i n g  Equat ion  (2-7) one has  
Y 

Z 

2 2 
( a ) [ h  + h2 /hay] L ( a )  s i n h  Y(x-a) x > b  1 

(2-12) 
2 2 

Al(a) [s inh  y c / s i n h  Yb] [hl  + h2 /h2Y] L ( a )  s i n h  Yx x < b 

Q(x,a) = 

2 2  2 2 2 
where L ( a )  = [h2 k / (hl  + h2 ) ]  - a . 
which must be determined from t h e  c o n d i t i o n  t h a t  t h e  t a n g e n t i a l  e l ec t r i c  f i e l d  

i s  z e r o  on t h e  septum. T h i s  w i l l  be d i s c u s s e d  i n  t h e  f o l l o w i n g  two s e c t i o n s .  

The problem now is t o  s o l v e  f o r  A1(a), 



, 
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3. INFINITE SEPTUM CASE 

I n  t h i s  s e c t i o n  w e  l e t  Q = 00, i , e , ,  c o n s i d e r  t h e  case of a s e m i - i n f i n i t e  

b i f u r c a t i o n ,  Fol lowing t h e  s t a n d a r d  n o t a t i o n  used i n  t h e  Wiener-Hopf t e c h -  

n i q u e , 5  w e  w r i t e  

L e t  s imi l a r  d e f i n i t i o n s  be in t roduced  f o r  S . ( x , a )  and S- (x ,a )  as w e l l .  

s e t t i n g  x = b ,  Equat ion  (2-11) and (2-12) may b e  r e w r i t t e n  as 

Then 
T 

@ (b-O,a)+@ (b-0,a) = - A l ( a ) [ s i n h  Ycdsinh f’b] [cosh Yb+gihla/h Y)sinh Yb] (3-2) 
2 - + 

S i n c e  H 

of Equat ions  (3-1) and (3-21 o b t a i n s  

and hence a, i s  cont inuous  a t  x = b and z < 0 ,  t a k i n g  t h e  d i f f e r e n c e  
Y ’  

Now making u s e  of t h e  boundary c o n d i t i o n  t h a t  t h e  t o t a l  t a n g e n i a l  e l e c t r i c  

f i e l d  v a n i s h e s  on t h e  septum x = b ,  z > 0 ,  w e  have 

1’2 nb 1 s i n  - XQ -I- b , a )  = (  &-) a eia - Yla) (3-5) 
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S u b s t i t u t i o n  of Equat ion  (3-4) and (3-5) i n t o  (3-3) g i v e s  

2 2  
hl + h ($) 'I2 s i n  + 9 (a )  = bc  L(a)  I ( a )  (3-6) 

1 
H(a) + a ( i a  - Yla) - 

where H(a)  = [bc Y s i n h  Ya/a s i n h  yb s i n h  Y c ] .  I n  t h e  above e q u a t i o n ,  which 

i s  a Wiener-Hopf type,.. t h e  unknown \k ( a )  and I ( a )  are a n a l y t i c  i n  t h e  lower 

h a l f  p l ane  T < k2 and upper  h a l f  p l a n e  T > - k 2 ,  r e s p e c t i v e l y .  Fol lowing t h e  

s t a n d a r d  t echn ique ,  w e  decomposi te  L(a)  and H(a) i n t o  L ( a ) ,  L ( a ) ,  H+(a) and 

H ( a )  a n a l y t i c  i n  t h e  r e s p e c t i v e  upper  and lower h a l f  p l a n e ,  A f t e r  some 

man ipu la t ions ,  t h e  above e q u a t i o n  becomes 

+ - 

- + 
- 

- 9 - ( a )  H-(a) (h) 'I2 s i n  - nb a (ia-Yla 1 ) r- - H-(-iy;f] L (-iY + L - ( a )  

(3-7) 

2 2 
bc hl  + h 2 L+(a) I + ( a >  1 H - ( - iy la )  

a (ia-Y 1 L (-iYla) 
l a  - 

- -  - 
H+ ( a )  2 

a h 

where : 

2 2 1/2 
= [ (nn/c)  -k ] 2 2 - k211/2 

Yna = [ (nn/a)  - k2]1/2, Yn, = [ (nn/b)  3 'nc 

The l e f t  hand s i d e  of t h i s  e q u a t i o n  i s  a n a l y t i c  i n  t h e  lower h a l f  p l ane  T < k 

t h e  r i g h t  hand s i d e  i n  t h e  upper  h a l f  p l ane  T > k S i n c e  t h e s e  two r e g i o n s  
2 '  

2 '  



t 

I .  
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o v e r l a p ,  by a n a l y t i c  c o n t i n u a t i o n  bo th  s i d e s  must be e q u a l  t o  an e n t i r e  

f u n c t i o n  P ( a )  S inze  T (a'! is t h e  induced c u r r e n t  on t h e  septum, i t  behaves 

as a 

i t  can  be shown t h a t  P l a )  is i d e n t i c s l l y  zero ,  Thus,  one o b t a i n s  t h e  va lue  

of I+ (a) : 

-3'2 as a j o o  i n  t h e  upper  h a l f  p l a n k  Then by L i o u v i l l e s s  theorm, 5 

and hence A (a) v i a  Equa t ion  ( 3 - 4 1 ,  S u b s t i t u t i n g  A (a) i n t o  Equat ion  ("2-11) 

and t a k i n g  t h e  i n v e r s e  Four ie r  t r ans fg rm,  one immediately o b t a i n s  
1 1 

P 

where t h e  i n t e g r a t i o n  p a t h  P i s  shown i n  F igu re  2 ,  w i t h  P = P 

P = P f o r  z < 0,  

and t h e  r e s i d u e  c o n t r i b u t i o n s  of t h e s e  pole3 are e a s i l y  ob ta ined ,  

t h e  i n t e g r a l ,  one has ,  a f t e r  some a l g e b r a ,  f o r  z .> 0 and x > b ,  

f o r  z > 0 ,  and 

The o n l y  s i n g u l a r i t i e s  i n  t h e  i n t e g r a n d s  are s imple  p o l e s ,  

E v a l u a t i n g  

1 

2 
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F igure  2.  Contour  of i n t e g r a t i o n  f o r  H (x,z) i n  
t h e  case of i n f i n i t e  b i f u r c a z i o n ,  



2 

s i n  --(x-a) e n7T 1 0  cos -(x-a)+ --- -Yncz  
C 3 n h a  00 1 

h2 n=l  L .+ ( - i ~  nr  ) H  + ( - iync)  np i C 

For z > 0 and x < b ,  H Cx,z), E ( x , z )  and E ( x , z )  have t h e  same e x p r e s s i o n s  as 

and c are r e p l a c e d  by x, n r i b ,  ~ g i v e n  above except  t h a t  (x-a), n r J c ,  ync, 

and b ,  r e s p e c t i v e l y ,  and t h e  s i g n  of a l l  t e r m s  are changed, 

e v a l u a t i o n  of t h e  i n t e g r a l  f o r  H and so f o r t h  g i v e s  

Y X z 

'nb 
For z < 0 ,  t h e  

Y 
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(3-10)  

- lh E 

- c2 ,  and H ( i Y n a )  2 2 2 2 l'2 
where a = - h k/hl  + h = - !io , yo = (a - k ) - koEl 

0 2 2 0 

i s  t h e  d e r i v a t i v e  of H ( iY ) w i t h  r e s p e c t  t o  ( i y  ).  - na na 
Equat ion  (3-9) and (3-10) comprise  t h e  complete  and exact s o l u t i o n  f o r  t h e  

case of s e m i - i n f i n i t e  b i f u r c a t i o n ,  I t  may b e  noted  t h a t  t h e  modes w i t h  t h e  

v a r i a t i o n  of e type  are TEM because  t h e  co r re spond ing  E ( x , z )  i s  

i d e n t i c a l l y  zero .  However, i t  is  d i f f e r e n t  from t h e  o r d i n a r y  TEM mode of  an 

i s o t r o p i c  guide  i n  t h e  fo l lowing  w a y s :  ( a )  r a t h e r  t h a n  be ing  independent  of 

t h e  t r a n s v e r s e  dimension,  i t  v a r i e s  e x p o n e n t i a l l y  a long  x ,  (b )  i n  t h e  s c a t t e r e d  

f i e l d  g iven  by Equat ion  (3-91, i t  is  not  c o n t i n o u s  a t  x = b ,  and ( c )  whether  

i t  p ropaga te s  o r  not  s o l e l y  depends on t h e  p r o p e r t i e s  of t h e  plasma medium. 

Yox .-iaoz 
2 

f 
E x p l i c i t l y ,  i t  is p ropaga t ing  i f  a = - k cz 

w > (w2 + 

i s  a n e g a t i v e  rea l  number, or 
2 2 2 5  

0 0 1' 
Because of t h e  i d e n t i t y  w /2 + (o + uC/4)' 2 (up t. wc)  I w e  

P C P 
c o n c l u d e ~ ~ t h a t c - f o r  t h e  f requency  i n  t h e  upper  band d e f i n e d  by Equa t ion  (2-51,  

t h e  TEM mode propagates .  

by Equat ion  ( 2 - 4 ) ,  the TEM mode a t t e n u a t e s ,  

Conver se ly ,  f o r  f r equency  i n  t h e  lower band d e f i n e d  



I 

I *  

S i n c e  t h e  TEM mode has  z e r o  E ( x , z )  component, i t  i s  s e e n  t h a t  t h e  i n c i -  z 
d e n t  f i e l d  i n  t h e  above a n a l y s i s  i s  not u n i q u e l y  s p e c i f i e d  by merely g i v i n g  
i as i n  Equat ion  (2-8). However, t h i s  does not  a f f e c t  t h e  uniqueness  of , 

o u r  s o l u t i o n  as f a r  as t h e  s c a t t e r e d  f i e l d  is concerned,  because an i n c i d e n t  

TEM mode does n o t  g i v e  r ise t o  any s c a t t e r e d  f i e l d  s i n c e  i t  p r o p a g a t e s  f r e e l y  

i n  t h e  g u i d e  wi thout  b e i n g  d i s t u r b e d  by t h e  septum. 



1 4  

4. FINITE SEPTUM CASE 

Now c o n s i d e r  t h e  case of a f i n i t e  septum. F i r s t ,  t h e  fo l lowing  n o t a t i o n s  

are in t roduced  f o r  t h e  p a r t i a l  F o u r i e r  t r ans fo rm of H ( x , z ) :  
Y 

H ( x , z )  eiaz dz 

I t  i s  c l e a r  t h a t  @ ( x , a )  and Q ( x , a )  are a n a l y t i c  i n  t h e  lower and upper  h a l f  

p l a n e ,  r e s p e c t i v e l y ,  The f u n c t i o n  @ ( x , a )  i s  an  e n t i r e  f u n c t i o n  of a, and i n  

p a r t i c u l a r ,  a n a l y t i c  i n  t h e  upper  h a l f  p l a n e  i n c l u d i n g  t h e  p o i n t  a t  i n f i n i t y ,  

However, t h e  f u n c t i o n  e iaP Ql(x ,a )  i s  a n a l y t i c  i n  t h e  lower h a l f  p l a n e  as may 

be seen  from the  r e p r e s e n t a t i o n :  

+ - 
1 

i au 1/2 0 
= ($-) Hy(x,u+P) e du. 

-Q 

Rewri t ing  Equat ion  (2-11) i n  t h e  above n o t a t i o n s  and e v a l u a t i n g  i t  a t  x = b ,  

w e  have 

1 i h  a 
s i n h  vc Yc - -- i aP e @ ( b t 0 , a )  + Ql(b+O,a) t Q-(b+O,a) = A 

t 1 



. 
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1 i h  a 
yb + - s i n h  W 

h2y 

s i n h  Yc eiad @ (b-0,a) + @ (b-O,a) + CD-(b-O,a) = - A1 sinh yb + 1 

S i n c e  H ( x , z ) ,  and hence @ ( x , a ) ,  is cont inuous  f o r  x = b and --03 < Z < 0 ,  and 

x = b and 1 < z < +- 00, t h e  d i f f e r e n c e  of t h e  above t w o  e q u a t i o n s  g i v e s  
Y 

Le t  u s  u s e  t h e  same n o t a t i o n s  f o r  Q(x ,z ) ,  t h e  F o u r i e r  t r ans fo rm of  

E Z ( x , z ) ,  as i n  Equa t ion  (4-1) .  Then l e t t i n g  x = b ,  Equa t ion  (2-12) becomes 

i a d  2 2 e @+(a) + Ql(a) + Q-(a) = Al[hl + h2/h2Y] L(a )  s i n h  Yc (4-3) 

Now, app ly ing  t h e  boundary c o n d i t i o n  t h a t  t h e  t o t a l  t a n g e n t i a l  e l e c t r i c  

f i e l d  v a n i s h e s  on t h e  septum, w e  have 

E (b,z) + ( s i n  ?lb/a) e -Ylaz = o f o r  o < z < B 
Z 

o r  

S u b s t i t u t i o n  of Equat ions  (4-2) and (474) i n t o  (4-3) r e s u l t s  i n  

+ Q - ( a )  
e - 1 1 /2 

e i a d  Qt(a> + (  +-) s i n  
a [ i ( a+ iY  l a  ) i ( a + i y  l a  ) a  
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Now, m u l t i p l y i n g  t h e  above e q u a t i o n  by eiaP H (a) /L ( a ) ,  w e  have 
t + 

where t h e  fo l lowing  n o t a t i o n s  have been used:  

S i m i l a r l y ,  m u l t i p l y i n g  Equat ion  (4 -5)  by H ( a ) / L  ( a ) ,  w e  have,  a f t e r  some re- 

arrangements ,  
- - 

(4-9) 

where t h e  fo l lowing  not  a t  i o n s  have been used : 

(4-10)  
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Not ice  t h a t  t h e  r i g h t  hand s i d e  of Equat ion (4-6) and t h e  l e f t  hand s i d e  of 

Equat ion  (4-9) are a n a l y t i c  i n  t h e  upper h a l f  p l a n e  T > -k2;  w h i l e  t h e  l e f t  

hand s ide of Equat ion  (4-6) and t h e  r i g h t  hand s i d e  of Equat ion  (4-9) a r e  

a n a l y t i c  i n  t h e  lower h a l f  p l a n e  T < k Hence, by a n a l y t i c  c o n t i n u a t i o n ,  

Equat ion  (4-6) and (4-9) a r e  e q u a l  t o  some i n t e g r a l  f u n c t i o n s  i n  a -p lane .  

By examining t h e  asymptot ic  behavior  of t h e  f u n c t i o n s  i n  t h e s e  two e q u a t i o n s  

a s  a-oo, i t  can  be shown t h a t  t h e  i n t e g r a l  f u n c t i o n s  i n  b o t h  e q u a t i o n s  are 

i d e n t i c a l l y  z e r o ,  A t  t h i s  p o i n t ,  it should  be noted  also t h a t  t h e  decom- 

p o s i t i o n s  i n  Equat ion  (4-7),  (4-8),  (4-10) and (4-11) ape v e r y  d i f f i c u l t  or 

imposs ib le  because of t h e  presence  of some unknown f u n c t i o n s .  

t h e  e x p l i c i t  e x p r e s s i o n s  f o r  t h e s e  decomposi t ions are not  needed at  t h i s  

moment, and t h e y  are i n t r o d u c e d  simply fo r  t h e  convenience i n  n o t a t i o n s .  

Remembering t h e  decomposi t ion t h e ~ r e m , ~  t h e  f u n c t i o n s  F (a) and F (a), f o r  

example,  are g iven  by 

2 '  

N e v e r t h e l e s s ,  

- + 

- w i d  
d 

r < d < k 2  (4-12) 

There:AxisC'Similiar e x p r e s s i o n s  f o r  E (a) and E (a),  N (a) and N (a), and 

M+(a) and M (a). 

i n t r o d u c e  some more n o t a t i o n s ,  v i z . ,  

- + - + 
For t h e  f o l l o w i n g  a n a l y s i s ,  it w i l l  be convenient  t o  - 

(4-13) 
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where J,(a) is a n a l y t i c  i n  t h e  upper  h a l f  p l a n e  T > - k2 ;  and J 

a n a l y t i c  i n  t h e  lower h a l f  p l ane  T < k 2 
and t h e  parenthcksis i n  t h e  s u b s c r i p t  of J ( a )  s imply  deno tes  t h e  e x i s t e n c e  

of t h i s  po le .  Re tu rn ing  t o  Equat ion  (4-6) and (4-9) and e q u a t i n g  t h e i r  l e f t  

hand s i d e s  t o  z e r o ,  w e  o b t a i n  a f t e r  i n t r o d u c i n g  t h e  n o t a t i o n s  i n  Equa t ion  

(4-12) and (4-13) ,  

(a) is  

excep t  f o r  a po le  a t  a = - i Y l a ,  
t (- 1 

(- 1 

(4-14) 

(4-15) 

The unknowns i n  t h e  above e q u a t i o n s  are J (a) and J (a). I n  o r d e r  t o  

decouple  t h e s e  t w o  e q u a t i o n s ,  w e  r e p l a c e  a by (-a) i n  Equa t ion  (4-14) and 5 
by ( - 5 )  i n  (4-15). S i n c e  H (-a) = H (a) and L (-a) = L-(a ) ,  t h e r e  r e s u l t s  

+ (- 1 

+ - + 
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The sum and d i f f e r e n c e  of t h e  above two e q u a t i o n s  y i e l d  

(4-16) 

(4-17) 

where S (a) = 3 ( a )  + J + ( - a )  , D(- ) (a>  = J (a)  - J+( -a ) .  
(-1 (-1 (-) 

The p a r e n t h e s e s  i n  t h e  s u b s c r i p t s  of S ( a )  and D ( a )  are a l s o  used  t o  

deno te  t h e  e x i s t e n c e  of t h e  p o l e  i n  t h e  lower h a l f  p l ane  a t  a = - i Y l a .  These 

i s  o n l y  one unknown appea r ing  i n  each  of t h e s e  e q u a t i o n s ;  t h e r e f o r e ,  t h e  s o l u -  

(- 1 (- 1 

+ 4 n m  b L V I I  s f  C (a) ax! D (a) could  be o b t a i n e d  i f  t h e  i n t e g r a l s  were known. 
" (-1 (- 1 

F i r s t ,  c o n s i d e r  t h e  i n t e g r a l  i n  Equa t ion  (4-16). W r i t i n g  ou t  t h e  f u n c t i o n s  

H+(C) and L+(t;) i n  an e x p l i c i t  manner, w e  have 
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Because of t he  f a c t o r  e-i51, w e  can  c l o s e  t h e  p a t h  of i n t e g r a t i o n  by an 

i n f i n i t e  semicircle i n  t h e  lower h a l f  p l a n e  denoted  by P as shown i n  F igu re  3.  

The fo l lowing  o b s e r v a t i o n s  may be made i n  connec t ion  w i t h  t h e  i n t e g r a l  f o r  G .  

( a )  The on ly  po le  of S (t;) i n  t h e  lower h a l f  p l a n e  i s  a t  t; = - i Y l a ,  
(- 1 

however, t h i s  i s  c a n c e l l e d  by a z e r o  of  H (t;). + 
(b)  The po le  a t  5 = - a is not  i n s i d e  t h e  con tour  P s i n c e  w e  can  choose 

(-d) a r b i t r a r i l y  c l o s e  t o  (-k 1. 

i Y n c  w i l l  c o n t a i n  t h e  The po le  c o n t r i b u t i o n s  a t  5 = - i Y n b  and t; = - 
decaying f a c t o r s  e-'nbl and e -yncl, r e s p e c t i v e l y ,  where,  under  pre-  

v ious  assumption,  

f i c i e n t l y  l a r g e  1 ,  t h e  c o n t r i b u t i o n s  due t o  t h e s e  p o l e s  are n e g l i g i b l e .  

2 
( c )  

and ync are real  and p o s i t i v e .  Thus ,  for Suf- 
'nb 

(d)  The po le  a t  t; = a w i l l  c o n t r i b u t e  o n l y  when a i s  a real  number, . 
0 0 

i . e . ,  f o r  f r e q u e n c i e s  i n  t h e  upper  band;  o t h e r w i s e ,  i t s  c o n t r i b u t i o n  

becomes n e g l i g i b l e  f o r  l a r g e  1 due t o  t h e  same r e a s o n  as i n  ( c ) .  

T h e r e f o r e ,  f o r  l a r g e  1 ,  and t h e  f requency  i n  t h e  upper  band, one o b t a i n s  

t h e  fo l lowing  approximation f o r  @, 

S u b s t i t u t i o n  of t h i s  approximat ion  i n t o  Equa t ion  (4-16) r e s u l t s  i n  

'To e v a l u a t e  S ( - ) ( a 0 ) ,  one s imply  sets  a = a i n  t h e  above e q u a t i o n  and o b t a i n s  
0 

Then by p u t t i n g  S (a ) back i n t o  Equa t ion  (4-18) ,  one o b t a i n s  an e x p r e s s i o n  
(-1 0 
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I 

Re71 0 - - - - - - - - 

r 
> 

5 - PLANE 

Figure  3 ,  Contour  of i n t e g r a t i o n  f o r  G i n  
Equat ion  (4-16) .  
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(4-20) 

S i m i l i a r l y ,  by s t a r t i n g  w i t h  Equat ions  (4-17) and fo l lowing  t h e  same p rocedure ,  

one o b t a i n s  

7rb 1 e -Y1  a i  
+ .  - ( $ ) ‘ s i n  - a i ( a + i Y  

l a  l ( -a+iYla)  
(4-21) 

where D ( a  ) i s  g iven  by (-1 0 

1 
(ao)-H+(ao)e H (-iYla) 

(4-22) ?lb - 
a L (-iY ) i (ao+iYla)  l a  - 

I 

L - (ao)  
D ( a ) -  

(-) 0 

From Equat ion  (4-20) and(4-21) ,  one r e a d i l y  o b t a i n s  t h e  s o l u t i o n  f o r  Q ( a )  and 

Q+(-a) : 
- 

-($) ’I2 s i n  - ?yb 
1 

a i ( a + i Y  l a  ) 



23 

where t h e  s i g n  of a i n  t h e  e x p r e s s i o n  \k (-a) has  been changed i n  o r d e r  t o  have + 
t h e  s o l u t i o n  f o r  S u b s t i t u t i n g  t h e  above r e s u l t s  i n t o  Equa t ion  (4-3), 

one can  s o l v e  f o r  A (a), and hence @ ( x , a ) ,  v i a  Equat ion  (2-11). I t  s u f f i c e s  

t o  c o n s i d e r  o n l y  t h e  r e g i o n  x > b ,  where i t  i s  found t h a t  

(a). 

1 

+ 

The s c a t t e r e d  magnet ic  f i e l d  H ( x , z )  i s  o b t a i n e d  by t a k i n g  t h e  i n v e r s e  F o u r i e r  

t r a n s f o r m  of Q ( x , a ) ,  namely f o r  x > b ,  
Y 
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ihla sinhY(x-a)} {(E) iH+(ao)e -ia,P 

+ -  s i n h  YC L ( d H +  ( a )  h2 
s i n h  YC 

2 f  
dP 

(4-24) 

where P and P are t h e  p a t h s  of  i n t e g r a t i o n  de te rmined  by t h e  convergence of 

r e s p e c t i v e  i n t e g r a l s  as shown i n  F igu re  4. S i n c e  o n l y  s imple  p o l e s  are invo lved ,  

t h e  e v a l u a t i o n  of t h e  above i n t e g r a l s  i s  s t r a i g h t f o r w a r d .  However, t h e  com- 

p l e t e  f i e l d  expres s ions  become q u i t e  compl i ca t ed ;  t h e r e f o r e ,  on ly  t h e  e x p r e s s i o n  

f o r  p ropaga t ing  modes are g iven  below: 

1 2 

For x > b and z < 0 ,  

For x > b and 0 < z < P, - -  

nb h2 H - ( - iyla)  1 e Yo (x-a) e-iaoz 
s i n  - - + -  h2 

a 2 2 L (-iYla) H (ao> ao+iYla EiXT'T 
0 - 2 2  

hl+h2 hl+h2 - 

Y 0 Vo(x-a) e-iaoz 
1 -iaol 

i h  2 H+(ao)e 
+ &(E) H (ao)L- , (ao)  [D(-)(ao)  - S( - ) ( ao ) l  s i n h y  c e 

0 - 
hl+h2 
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PATH PI PATH P2 
1 

ist. ~ E R M  2nd. TERM 

Q = u + i r  PLANE 

F i g u r e  4.  Contour of i n t e g r a t i o n  for  H (x,z) i n  
Y t h e  case of f i n i t e  b i f u r c a t i o n ,  
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For  x > b and z > 8 ,  - 

J L  J 

For x < b ,  t h e  magnet ic  f i e l d  H (x , z )  has  t h e  same e x p r e s s i o n  as above excep t  

t h a t  (x-a) is r ep laced  by x, and t h e  s i g n  of  t h e  e n t i r e  e x p r e s s i o n  i s  changed. 

Accord ingly ,  t h e  e l ec t r i c  f i e l d s  E (x , z )  and E ( x , z )  can  be d e t a i n e d  from 

Equa t ion  (2-6) and (2-7).  Thus ,  t h e  case of  f i n i t e  septum f o r  l a r g e  1 is  

s o l v e d  w i t h  t h e  approximation d e s c r i b e d  above. 

Y 

X Z 
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5 .  CONCLUS I ON 

I n  t h i s  pape r  t h e  problem of H-plane b i f u r c a t i o n  i n  a p a r a l l e l  p l a t e  

waveguide f i l l e d  w i t h  a n i s o t r o p i c  plasma is  s o l v e d  provided  t h a t  t h e  d c  mag- 

n e t i c  f i e l d  i s  a long  t h e  edge of t h e  septum, and t h e r e  i s  no f i e l d  v a r i a t i o n  

i n  t h i s  d i r e c t i o n .  When t h e  septum i s  ex tended  t o  i n f i n i t y ,  t h e  exact f i e l d  

s o l u t i o n  i s  ob ta ined .  When t h e  septum is  of  f i n i t e  l e n g t h  I ,  an approximate 

s o l u t i o n  i s  found f o r  l a r g e  1. I n  both cases t h e  i n c i d e n t  f i e l d  is  assumed 

t o  be  t h e  dominant TE o r  TM mode. I n  t h e  t r i v i a l  case when the i n c i d e n t  f i e l d  

i s  of TEM mode, t h e  wave t r a v e l s  f r e e l y  i n  t h e  gu ide  and t h e  septum causes  no 

m o d i f i c a t i o n  on t h e  f i e l d s .  I n  c a s e  of an i n c i d e n t  TE mode, t h e  problem 

becomes i d e n t i c a l  t o  t h a t  f o r  an i s o t r o p i c  medium i n  t h e  guide .  I n  case of  

an i n c i d e n t  TM mode, a s c a t t e r e d  TEM mode is  produced i n  t h e  b i f u r c a t e d  p o r t i o n .  

Although i n  t h i s  paper  f o r  s i m p l i c i t y  on ly  one p ropaga t ing  mode is  assumed i n  

t h e  un -b i fu rca t ed  p o r t i o n ,  a more g e n e r a l  case can  be  so lved  w i t h  no d i f f i c u l t y .  

I n  t h e  case of  f i n i t e  b i f u r c a t i o n ,  where I i s  no t  ve ry  la rge ,  a more a c c u r a t e  

approximat ion  can  be o b t a i n e d  by r e t a i n i n g  more terms i n  t h e  i n t e g r a l  G i n  

Equa t ion  (4-16). 
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